Quadratic Functions

y=ax’+bx+c
where "a" and "b" are coefficients and "c" is a constant
e The functions is said to have a degree of 2 (highest exponent)
e There are 3 forms of a quadratic equation...

ENERAL STANDARD TEANSFORMATION AL
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where "a" is the vertical stretch factor
"h" is the horizontal translation
"k" is the vertical translation

Mapping Notation - a notation that describes how a graph and its
standard image are related.

For Quadratic Functions...

(x,y) = (x+h,ay+Kk)

Where the first point from the graph y = x2 maps onto a point in the image graph.




Properties of a Quadratic

e identify key properties and points...

STANDARD FORM: N Ayis o

L<"Stretch Factor (direction of opening / shape) 3 4
w—Translations (horizontal / vertical)
L—Vertex (h, k) "

= Domain {any real number} )

+—Range (depends on direction of opening and "k" vglue)
1=~¥apping Notation: (x, y)==(x + h, ay + k) s
-*Axis of symmetry where x = A
- yintercept (let x = 0)
\2
ex: y==2(x—1) +3
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Converting fo the Various Forms )
of the Quadratic Function

Standard FOD V= a(x — h)z +k
| | 2
i “-k)=(x-h
Transformational Form ; ((}’ I ) (x

Qener‘al Form >
@Ping NO@ (x,y) —> (x +h.ay —I—k)

Example #1: Change from standard to transformational form.

Standard V== % (x — 1)2 + 4

. %(j —ﬁ})- -%- (;(’l\} ({;s)

-‘;'(y“A: (x-1)*

Transformational

= 3(x+7)-¢
3%}”) G



Example #2: Change from transformational to standard form.

Transformational @s %’( V + 6) (::>(Jl + 5)2

h\o;_ te=3(xss)"

Rearrange \/\/w
RV
7 (y=s)= (ko)™
AL ON

Standard

Example #3: Change from standard to general form.

Standard y=- % (JC _ 4)2 )
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General
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Create a quadratic sequence of 5 terms satisfying the following
properties:

tl =4

Second level of difference results in the constants 6
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4. (a) (0, 0) (b) (0, 16) (© (3,2 (d) (4, 5) (e) (3, -2) (G In Question 3, ensure that
students understand that

—iy = x2 is equivalent to
SUCHONS tdueddempime 29 el

Students have used mappings and mapping rules in Mathematical Modeling, Book 1, calculating the vertical stretch,
the sign is ignored. Students

and shouldA have lftﬂe difficulty with this question. To save hme, have students s

complete this question for homework and have them compare their answers the next negative sign represents a

day. As a hint, remind students to substitute the mapping back into the equation of reflection of the basic quadratic

the function with which they are working. Upon simplification, students should end function and that % represents

up with the basic function y = x2. the vertical stretch. Students
should also note that, in a

Answers function such as %y = x2 the
vertical stretch is the reciprocal

5. (a), (b), and (¢) s

1 of g, or3.

V=X (%, y) > (x, 4y); VS. = 4; y-intercept = 0; y = 4x2

Y=4x2+16: (x, y) > (x, 4y + 16); V.S. = 4; y-intercept = 16; y=4x2+16

%(y— 2)=(x-3)2(x,y) > (x+3, 2y +2); V.S. = 2; y-intercept = 20; y=2x2-12x + 20
Y=-5=(x-4)2(x,y) > (X+4,y+5);VS. = 1; y-intercept = 21; y = x2— 8x + 21
Y=-2-3P-2:(x, ) - (x+ 3, -2y 2); VS. = 2; y-intercept = -20; y = —2x2 + 12x - 20
%(y— )=Kx=-22(xy) - (x+2 4y+1); VS, = 4; y-intercept = 17; y = 4x2— 16x + 17

The vertical stretch is the absolute value of the coefficient multiplying y in the
mapping rule.

The y-intercept is the value of y that you obtain by setting x = 0 in the original equa-
tion and solving for y.

The coefficient a in the general form is equal to the coefficient multiplying y in the
mapping rule.

The transformational and general forms both show the vertical stretch, but only the
transformational form shows the coordinates of the vertex, and only the general
form shows the y-intercept.

Check Your
_.Understanding

[Completion and discussion: 45 min]

QUESTION 6 Page 30
-_ —  Page 30

Students can leave the functions in the form they are in to create the mapping or
they can rewrite them in standard form or general form. Allow students to decide
which form is most appropriate for their use. As a class discussion, you may want
to ask which of the forms provided the most information for writing the mapping,
and create a list of reasons why this is so. Students will probably say that the trans-
formational form is the most useful because the mapping can be read and worked
out most easily using this form. This will also make a nice lead-in discussion to
Question 7.

Answers
6. (@ (. y) > (x, y—2); y=x2-2; y-intercept is —2; vertical stretch is 1

(b) (x, y) - (x +2, %y = 4); y= %xz — gx . %; y-intercept is 7% vertical stretch is%

1.3 Properties of Graphs of Quadratic Functions 57
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Think about ...
Question 8

Students should have
had sufficient experience
to conclude that the
graph of any quadratic
of the form

y=ax +bx+chasa
vertical stretch of a.

Chapter 1 Quadratics

© Xy > (x-1, 2y + 1), y=22+4x + 3; y-intercept is 3; vertical stretch is 2
@ & y) - (xy+1); y=x2+1; y-intercept is 1; vertical stretch is 1
@ k) >x=1,y+1);y=x2+2+ 2; y-intercept is 2;
vertical stretch factor is 1
) ) x—1,2+1); y=2x2+4x +3; y-intercept is 3;
vertical stretch factor is 2
@ 0oy > (x—1, =2y — 1); ¥ = -2 —4x — 3; y-intercept is —3;
vertical stretch factor is 2

QUESTION 7 Page 30
—_— Page30

A class discussion could help clarify this question. Students will answer the ques-
tion depending upon which value they are trying to find. For example, if they are
trying to find the y-intercept, then they will probably find the general form of the
quadratic function because the y-intercept is easier to read using this form.
However, if they are trying to find the vertical stretch factor, then one form does
not give a decided advantage over any other form. Encourage students to give
reasons for their answers. Remind students that all answers are valid for this
particular question, and simply depend on what they find easier to work with.

QUESTION 8 Page 30
-— — Page 30

Students should have sufficient experience to complete this question. However,
you might want them to graph the basic quadratic function and compare it to the
graphs of y = kx? for specific values of k within the ranges stated in parts (a) to (c).

Answers
8. (a) example: The edges of the parabola become increasingly closer to the y-axis
and the vertical stretch becomes increasingly greater.
(b) example: The edges of the parabola become increasingly closer to the x-axis
and the vertical stretch becomes increasingly smaller.

(c) example: The parabola opens downward starting with the edges close to the
x-axis for values of x between 0 and —1. The edges of the parabola become
increasingly closer to the y-axis and the vertical stretch becomes increasingly
greater as x becomes increasingly negative.

QUESTION 9 Page 30
-—_ ——  Page 30

To sketch the graph, students will need to write the equation in either general
form or standard form. Encourage students to use graphing calculators.

Answers

9. (@) y=x>+4x+4 (b) y=x2+10x+22

T
i

y=(x+2)?
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QUESTION 10 Page 31
-_ — Page 31

When students encounter the definition of the transformational form of a
quadratic, ensure that they identify the values of k, g, and p in the expression

2y -1=@+12

Answers
10.(@) y = —2(x + 1)2 + 1
(b) example: vertical stretch of 2; has a maximum; vertex located at (-1, 1);
translates the vertex of the graph of the basic quadratic function 1 unit left
and 1 unit upward; is a reflection of the basic quadratic function.
(c) example: The standard form and transformational form both provide
information about the vertical stretch of the graph of the basic quadratic
function, as well as the location of the vertex.

QUESTION 11 Page 31
—_ —  Page31

Students should realize that there are many possible answers. Encourage them to
create more than one quadratic for each vertex, and to express each using a trans-
formational form of the quadratic function. They should realize that a vertex of
the form (0, ¢) is a vertical translation of q units of the graph of y = x2 along the
y-axis. Therefore, the function must be of the form W tq) =x%(ory = kx £ g).
For example, each of these quadratics has a vertex located at (0, 8):

*y—8=x2(ory=2x2+8)

¢y -8 =2 (ory=2:2+8)

3 —%(1/—8)=x2(ory=—3x2+8)
. —2(y—8)=x2(ory=—%x2+8)

The graph of each quadratic function with a vertex of the form (p, 0) is a horizon-
tal translation of p units of the graph of ¥ = x* along the x-axis. Therefore, the func-
tion must be of the form ¥y = (x + p)? (or ¥ = k(x2 £ p)?). For example, each of these
quadratics has a vertex located at (2, 0):

® 2y =(x—20?
® —dy = (x— 20
o3y =(x-2p

1.3 Properties of Graphs of Quadratic Functions

59
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Students have used mappings and mapping rules in Mathematical Modeling, Book 1, calculating the vertical stretch,
the sign is ignored. Students

and shouldA have lftﬂe difficulty with this question. To save hme, have students s

complete this question for homework and have them compare their answers the next negative sign represents a
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the function with which they are working. Upon simplification, students should end function and that % represents

up with the basic function y = x2. the vertical stretch. Students
should also note that, in a
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The vertical stretch is the absolute value of the coefficient multiplying y in the
mapping rule.

The y-intercept is the value of y that you obtain by setting x = 0 in the original equa-
tion and solving for y.

The coefficient a in the general form is equal to the coefficient multiplying y in the
mapping rule.

The transformational and general forms both show the vertical stretch, but only the
transformational form shows the coordinates of the vertex, and only the general
form shows the y-intercept.

Check Your
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Students can leave the functions in the form they are in to create the mapping or
they can rewrite them in standard form or general form. Allow students to decide
which form is most appropriate for their use. As a class discussion, you may want
to ask which of the forms provided the most information for writing the mapping,
and create a list of reasons why this is so. Students will probably say that the trans-
formational form is the most useful because the mapping can be read and worked
out most easily using this form. This will also make a nice lead-in discussion to
Question 7.

Answers
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Question 8

Students should have
had sufficient experience
to conclude that the
graph of any quadratic
of the form
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vertical stretch of a.
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© Xy > (x-1, 2y + 1), y=22+4x + 3; y-intercept is 3; vertical stretch is 2
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A class discussion could help clarify this question. Students will answer the ques-
tion depending upon which value they are trying to find. For example, if they are
trying to find the y-intercept, then they will probably find the general form of the
quadratic function because the y-intercept is easier to read using this form.
However, if they are trying to find the vertical stretch factor, then one form does
not give a decided advantage over any other form. Encourage students to give
reasons for their answers. Remind students that all answers are valid for this
particular question, and simply depend on what they find easier to work with.
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Students should have sufficient experience to complete this question. However,
you might want them to graph the basic quadratic function and compare it to the
graphs of y = kx? for specific values of k within the ranges stated in parts (a) to (c).

Answers
8. (a) example: The edges of the parabola become increasingly closer to the y-axis
and the vertical stretch becomes increasingly greater.
(b) example: The edges of the parabola become increasingly closer to the x-axis
and the vertical stretch becomes increasingly smaller.

(c) example: The parabola opens downward starting with the edges close to the
x-axis for values of x between 0 and —1. The edges of the parabola become
increasingly closer to the y-axis and the vertical stretch becomes increasingly
greater as x becomes increasingly negative.
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To sketch the graph, students will need to write the equation in either general
form or standard form. Encourage students to use graphing calculators.

Answers

9. (@) y=x>+4x+4 (b) y=x2+10x+22
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When students encounter the definition of the transformational form of a
quadratic, ensure that they identify the values of k, g, and p in the expression

2y -1=@+12

Answers
10.(@) y = —2(x + 1)2 + 1
(b) example: vertical stretch of 2; has a maximum; vertex located at (-1, 1);
translates the vertex of the graph of the basic quadratic function 1 unit left
and 1 unit upward; is a reflection of the basic quadratic function.
(c) example: The standard form and transformational form both provide
information about the vertical stretch of the graph of the basic quadratic
function, as well as the location of the vertex.
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Students should realize that there are many possible answers. Encourage them to
create more than one quadratic for each vertex, and to express each using a trans-
formational form of the quadratic function. They should realize that a vertex of
the form (0, ¢) is a vertical translation of q units of the graph of y = x2 along the
y-axis. Therefore, the function must be of the form W tq) =x%(ory = kx £ g).
For example, each of these quadratics has a vertex located at (0, 8):

*y—8=x2(ory=2x2+8)

¢y -8 =2 (ory=2:2+8)

3 —%(1/—8)=x2(ory=—3x2+8)
. —2(y—8)=x2(ory=—%x2+8)

The graph of each quadratic function with a vertex of the form (p, 0) is a horizon-
tal translation of p units of the graph of ¥ = x* along the x-axis. Therefore, the func-
tion must be of the form ¥y = (x + p)? (or ¥ = k(x2 £ p)?). For example, each of these
quadratics has a vertex located at (2, 0):

® 2y =(x—20?
® —dy = (x— 20
o3y =(x-2p

1.3 Properties of Graphs of Quadratic Functions
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