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Related Rates

Must understand the process of implicit differentiation...

Interpret the notation d_y

dx

What about d_V , given that "V" is volume and "#" is time.

ol
© %QJ ,3'%4’&(\) g+;JW
gl ® ,}%p 71

Given the formula P = 2/ + 2w

@ - differentiate with respect to w
e differentiate with respect to P
« differentiate with respect to time (use J“

Differentiate each of the following with respect to time:
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Basic Forms

/r"dx: 1 T
n+1
/ld:p:lnx

T
/udv:uvf/vdu
1
/ax—&—bd‘ri

Integrals of Rational Functions

/ 1 do — — 1
(x4+a)2 " z4a

/(era)"da: = M

n-+1
n, (x4 a)" ™ ((n+ 1)z —a)
/x(w—l—a) dx = CERICED)

n+1

1ln|a;t + b
a

+ecn#—1

/ #d:r =tan 'z
14+ 22

1 1
2 = —tan = —
a?+z a a

=
[
/ 1

T
———dr=x—atan” ~ —
2 a

ln|a + 22|

2+

1 1
/a2+x2d1’=§x — 50 *In|a® + z°|

/ 1 do — 2 tan~! 2ax + b
ax2 +br+c  Jdac — b2 viac — b2

1 1 atz
dx = | b
/(a:—|—a)(ac—|—b) “ b—anb—|—ac’a§‘é
z a
/(era)de— a+x+ln|a+m\

T 1 2
T de=_1 b
/aac2+bac+cJC 2a nlaz” + bz +c|

_ b tan—! 2ax + b
av4dac — b2 vdac — b2
Integrals with Roots
/\/mfadxfg( a)*/?
1
————dx =2vVx +
/ VrEa o vVEEA
! dr = —2va—=x
Va—z

/x\/x —adx = %a(w —a)®*? 4 %(x —a)®/?

/\/ax—&—bde (%—&—Qg) var +b

/(a:ﬂ +b)3 2 dx = %(ax +b)®/?

/\/%dx = %(m$2a)\/x ta

(10)

(11)

(12)

(14)

(15)

/\/de:—m—atan_l% (24)

Table of Integrals®

/ P =+vaz(a+z)—aln[Vz+Vz+a] (25)
/x\/ax + bdx = 152 5 (—2b° + abz + 3a*z*)Vazx + b (26)
a

/

1
Vz(ax + b)dx = 12 [(2@:1: +b)v/ax(ax +b)

—b? ln‘a\/i-i- \/mu (27)
/\/T—o—bdx _ [7 _ 822 N g} peT

+ W In ‘aﬁ—!— va(az + b)‘ (28)

1 1
/\/xQ:I:anx: 51‘\/302:i:a2:|:§a21n)x+\/x2:ta2‘

(29)
1 15 -1 z
/\/aQ—:chx:fx\/az—:r?—kfa tan= = ——
2 2 a2 — z2
(30)
/m\/ina dr = %( )3/2 (31)
dm-ln‘x—i— \/1’2:|:a2) 32
/\/ina2 (32)
1 -1
/ﬁdx—sm - (33)
T
————dr = /2?2 £ a? 34
/\/:ﬂ:ﬁ:a2 (34)
/Lda: a? — x? (35)
Vo =
x 1 15
= Lo/ 2 21+ 2421 ‘ S 2 2‘
/mdaz 233 :v:l:a2|22a njz+vr2ta
(36)
/\/ax2—|—b:c—|—cdx:b+42ax\/ax2—|—b:c—|—c
a
dac — b?
+Wln’2am+b+2\/a(ax2+bx+c)‘ (37)

/x\/az2—|—bm—|—c:48a%/2 (2ﬁ\/ax2+bm+c

x (=

3b% 4 2abzx + Sa(c + ax2))

—|—3(b3 — 4abc) In ’b + 2ax + 2\/&\/m‘> (38)

/\/aﬂc2+bx+c

/

1n‘2am+b+2\/ (ax? + bx + ¢) ‘
(39)
T 1
——dz = ~\ax?2 +bx+c
vax? +bxr +c a
— 2(1%/2ln.2@310—}—b—|—2\/a(aa:2—|—b:r—§—c)’ (40)
/ dx _ T (41)
(a2 +22)32  a2\/a? + 22

Integrals with Logarithms

/ln ardr =zxlnar — x (42)
Inar , 1 2
/ - dr = 5 (Inax) (43)
b
In(az + b)dz = [z + " In(az +b) —xz,a #0 (44)
/ln(m2 +a®) dx = zIn(z” + a*) + 2atan™" % — 2z (45)
2 2 2 2 T+ a
/ln(gc —a”)dx=zIn(z" —a )—i—alnm_a — 2z (46)
-1 2azr+0b
In (az® 4 bz + ¢) de = =\/4ac — b2 tan™ " —————
/ ( ) Vdac — b?
—2x + (% —|—x) In (a;t2+ba:+c) (47)
bx 1 2
1 _ 2 _ -
/x n(az + b)dx = 5~ 1%
L[, b
T3 (x - ?) In(ax + b) (48)
/xln (a2 — b2m2) dx = 71m2+
2
1 a?
5 <x2 b2> In (a — b’z 2) (49)
Integrals with Exponentials
/e”dw = le” (50)
T a
/\/Eeaxdx = l\/ie'“r + W erf (iv/az)
a 2a3/2
where erf(z / 4t 51
=7 (51)
/megcdm =(z—1)e" (52)
/aze d:c:(gf?)e (53)
/x2ezd1: = (x2 —2z+2)e” (54)
2
2 ll‘L x 2 2 ax
/ dr = (; - ? + ;) e (55)
/xgezdac = (2° — 32 + 62 — 6) e” (56)
/x"e”dx: re _ E/sﬂn_le‘mdm (57)
a a
/ e dx = (_n? [l + n, —az],
(58)
where I'(a, x) / “letde
2 /T
e dox = — erf (izv/a (59)
f et
e NG
e " dx = erf (zv/a 60
/ et (ava) (60)
/me @ dx —ief‘” (61)
T 2a
2 —az? o 1 1 _ i —ax?
/w e dx = 41/a3 erf(z+v/a) 54¢ (62)

*(©@ 2012. From http://integral-table.com, last revised February 4, 2012. This material is provided as is without warranty or representation about the accuracy, correctness or
suitability of this material for any purpose. This work is licensed under the Creative Commons Attribution-Noncommercial-No Derivative Works 3.0 United States License. To
view a copy of this license, visit http://creativecommons.org/licenses/by-nc-nd/3.0/us/ or send a letter to Creative Commons, 171 Second Street, Suite 300, San Francisco,

California, 94105, USA.
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Integrals with Trigonometric Functions

/sin azdx = 1 cos ax (63)
a
/sin2 axds = = — sin 20 (64)
2 4a
/sin" azdx =
1 11-n3
— Ecosax o Fy {5, 5 Q’COS ar (65)
. 3 _ 3cosaxr | cos3ax
/sm ardr = 1a + 12a (66)
/cos ardr = 2 sin ax (67)
/c032 azdr = < + sin2az (68)
2 4a
/ P 1 1+p
cos” axdr = — cos Paxx
a(l+p)
1+p 1 3+p 2
F —___rr - 3
2 1[ 5 g g 2008 ax} (69)
3 _ 3sinaxr | sin3azx
/cos axdr = y + T5a (70)
/cos ax sin bxdr = COS[(Z::))QC] - COSQ[((Z:::))QC] ,a#b
(71)
.2 __ sin[(2a — b)z]
/sm ax cos brdx = 74(2a ~)
sinbz  sin[(2a + b)z]
— 2
2b 4(2a+b) (72)
/sin2 zcoszdr = % sin® z (73)
/ cos® az sin bzdr = COZ[((22§: :))m] - CO;bbw
cos[(2a + b)z]
- 74
4(2a +b) (74)
/C082 axsin ardr = 1 cos® ax (75)
3a
in 2 in[2(a — b
/sin2 az cos® brdx = % — smgaaa: — 81111[6((2— b))m]
sin2bz  sin[2(a + b)z]
— 76
8b 16(a + b) (76)
/sin2 az cos® azxdr = = — sin daz (77)
-8 32a
/tan ardr = —2 In cos ax (78)
/tan2 ardr = —x + 2 tan ax (79)
n tan™ ! ax
tan” axdr = ——— X
a(l+n)
n+1 n+3 2
2 F1 1, ,—tan” ax (80)
2 2
1 1
/tan3 axdr = = Incosax + — sec’ ax (81)
a 2a
/sec xdz = In|secx + tanz| = 2 tanh ™' (tan g) (82)
1
/SeC2 ardr = - tan ax (83)

5 1 1
sec’ x dx = isecmtana:—i— iln\secx—i—tanﬂ

/secmtan rdxr = secx
2 1 2
sec” rtan xdx = 5 sec” T

1
/sec" ztanzdr = —sec” x,n # 0
n

/cscacda::ln‘tang’ =In|cscx —cotzx| + C

2 1
/csc axdr = —— cot ax
a

5 1 1
csc” xdx = —5cotxcscx+ §1n|cscoc—cotx|

1
/cscnxcot:cdm =——csc"z,n#0
n
/secmcscwdm:ln|tanx|

Products of Trigonometric Functions and
Monomials

/:ccos:cdm:cosm—i—xsinm
1 x
zcosaxrdr = — cosaxr + — sinax
2
a a
2 2 .
T cosmdz::2xcosx+(:c 72) sinx

2,2

2 2xcosaxr a“x” —2
z° cos axdxr = +

sinax
a? a’d

/x"cosxdm = —%(i)""’1 [C(n+1,—ix)

+(=1)"T(n + 1,iz)]

/x"cosaxdw = %(ia)l_" [(-1)"T(n+ 1, —iax)

—T'(n+1,iza)]

/xsin:cd:r = —xcosz + sinx

sinazx

. T COS ax
rsinardr = — + 5
a a

/x2 sin xdxr = (2 — xz) cosz + 2xsinx

2x sin ax
a2

5 . 2—a’z?
z° sinaxdx = ———cosaz +
a

/m” sin zda — %(i)” [C(n+ 1, —iz) — (—1)"T(n + 1, —iz)]

Products of Trigonometric Functions and
Exponentials

1
/ez sin zdx = iez(sinx — cosx)

bz . _ 1
e " sinaxdr =

ﬁebz (bsinaz — acosax)
a?+b

(84)

(90)

(91)

(92)

(94)

(95)

(96)

(102)

(103)

(104)

(105)

/ez coszdx = %ez (sinz 4 cosx) (106)
/ebz cos axdx = ;ebz(a sinaz + bcosaz) (107)
a? + b2
@ 1 . .
/xe sinzdr = 2¢ (cosx — xcosxz +xsinz)  (108)
x ]' T . .
/aze cosxdr = 3¢ (xcosz —sinz +zsinz)  (109)
Integrals of Hyperbolic Functions
1 .
/cosh ardr = - sinh ax (110)
/e‘” cosh bzdx =
——5lacoshbz — bsinhbz] a#b
2z (111)
€ + z a=1b
4a 2
. 1
/smh axdr = = cosh ax (112)
a
/e‘” sinh bxdx =
— & _[~bcoshbz + asinhbz] a#b
af —b? (113)
2ax
ez a=1b
4a 2
/eax tanh bxdxr =
(a+2b)z
€ a a 2bz
L [1 24 2 }
aran)> ity e
,16a12F1 [2%), 1,1F, 7621)1] a#b (114)
ar _ 9t —17, ax
e an~ " [e*?] b
a
1
/tanh ax dxr = —Incoshaz (115)
a
1 .
/ cos ax cosh bxdx = ——— [a sin ax cosh bx
a? + b?
+b cos ax sinh bz (116)
/ cos ax sinh bxdx = 1 [bcos ax cosh bx+
a4 b2
asin ax sinh bz (117)

1
/ sin ax cosh bxdr = P [—a cos az cosh br+
bsin az sinh bz (118)
. . 1 .
sin az sinh bxdr = ——— [bcosh bz sinaz—
a? + b?
a cos az sinh bz (119)
. 1 .
/smh az cosh axdr = P [—2ax + sinh 2ax] (120)
a

/ sinh ax cosh bxdx = #(12 [b cosh bx sinh ax

b2_

—a cosh ax sinh bx] (121)
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