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Applying Integrals to Rate of Change

Example 1:

If V(t) is the volume of water in a reservoir at any time ¢,
then its derivative is the rate at which water flows into
the reservoir at time t.

What would the following integral represent?

[“V'(tydt =V (t,)-V (t,)

This integral would represent the change in the
amount of water in the reservoir between t; and ts.

Example 2:

If an object moves along a straight line with a position
function s(t), then its velocity is v(t) = s (t).

What would the following integral represent?

!

2

| v(dr = s(t,) = ()

[

1

This would represent the net change in displacement,
of the particle during the time period from t; to t,.



= [f we want to calculate the distance
traveled during the time interval, we have
to consider the intervals both when

o(t) 2 0 (the particle moves to the right) and

o(t) £ 0 (the particle moves to the left).

= In both cases the distance is computed by
integrating |v(f)|, the speed. Therefore

I:Z lo(t)dt = total distance traveled

Example:

A particle moves along a line so that its velocity

at any time 7 is given by (=" —1-6 7.

(a) Determine the displacement of the particle
over the interval 1 <7< 4 seconds.

(b) Determine the distance traveled over the

same time interval. Look at a diagram mapping the
particle's path as well
¥
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Fundamental Theorem of Calculus

= The first part of the FTC deals with
functions of the form

g(x)=[ " f(t)dt

where f1s a continuous function on [a, b]
and x varies between g and b.

o If fhappens to be a positive function, then
what would g(x) represent??

FIGURE 1

m= (1)

N

area = ¢(x)




If f1s the function shown below
and 8(x)=[ f(t)dt, find the values of

8(0), (1), 8(2), §(3), g(4) and g(5).

y;\
)
\\ y=f(r)
]
o 1 2 4 1
FIGURE 2

Let's look at g(0) and g(1)...

92) = [ f@ydr= | foyde + ["f@ydr=1+(1-2)=3
93) =g + [ fdi=3+13=43
g(4) = gB3) + [ f(ndr =43 + (~1.3) = 3.0

g(5) = g(4) + Lsf(t) di =3+ (—13) =17

VA VA yVi

-2 -2 =2 \

-1 = -1

0 1 7 0 1 2 T 0 1 2 3 T
| | \ | \ |

glh=1 g(2)=3 g(3)=~4.3



The Fundamental Theorem of Calculus, Part 1 If £ is continuous on [a, 5], then the
function g defined by

g) = ["flpar  a<x<b

is an antiderivative of f, that is, g'(x) = f(x) fora < x < b.

In Leibniz notation...

S [ o=

7’
,/
This is saying that integration and

differentiation are inverses of one another.

Evaluate the following:

X
d 3 According to above,

2 .
[ df should equal?? X

dx
1

Let's check using our traditional methods...

 Integrate and then differentiate

More Examples:

%Tcosm’ro ;;jﬁ L=

2
,01+t

-

10



upper bound is not x...now what??

-
-
v
d
— J‘ cosdlt
dx
2 ‘ ‘ dy
Let « =x" and apply the chain rule when finding — ...
dy dy . du
dx du dx
dy (a% |4
Y :‘ —j costdt ol
\ di
dy du
— = COSll & ——
dx dx
A = cosa” e 2x
dx

dx

Now let's try and do these a little quicker...
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Here are a couple with a little twist...

5
i'[ 3¢sin tdt :.
dx

Re 3

-~ .
"= |ower bound is not a constant???

Compare these...

3 1
X7 dv= 2 g
Jl.’L X {x dx

X

d o1
“ di =
dx-[2+et

]

I

%x

1
Neither bound is a constant???

Use this type of reasoning...

J?i(ac2 +1) cir:ji(xz +l)r:a’x—'l[(x2 +1)a'x
1 0 0
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Example:

Find ¢(1), given that ¢

g(x)=

da
dx

3

xj(%r—r it

x2
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Practice problems...

Page 383

#3,7,9, 11,13, 15, 17, 21
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The Nature of Roots

Any quadratic equation of the form ax? + bx +
the quadratic formula

. —b +/b* — 4ac
B 2a '
The SGS%BPB is called the discriminant, and enables you to

observe the nature of the roots without actually finding the roots.

¢ =0 can be solved using

There are 3 situations.

1. The roots are
real and unequal.

2. The roots are
real and equal.

3. The roots are
non-real.

-saing the nature of the roots can give you one more piece of information
when a sketch of the quadratic is required.

1. Real and Unequal Roots

When b2 — 4ac > 0, the quadratic has two
real and unequal roots. Notice that the
discriminant of x* + x — 6 = 0 is 25, and
y=x%+ x — 6 has 2 real and unequal roots.

2. Real and Equal Roots

When b* — 4ac = 0, the quadratic has two
real and equal roots. Notice that the
discriminant of x? + 2x + 1 = 0is 0 and
the roots of y = x2 + 2x + 1 are

x= INM./\QNEQXI INNJ/\m.

3. Non-Real Roots

When b* — 4ac < 0, the quadratic has non-real
ts. Notice that the discriminant of

x*+3x+ 5=0is —11 and that

¥ =x%+ 3x + 5 does not cross the x-axis.

Il

e,

9
2

9.8 Exercise, page 350

6:0)0 b — 2] + 9 ¢)25K* — 12k 7.a)

b)14 or 2

Lajreal, unequal b)non-real c)non-real d)real, equal

9
2

e)real, unequal f)real, equal g)non-real h)real, unequal

9.2)p > 1+ 2./5 or

8a)—2V3 <m<2./3 b)m >

2.)28; real, unequal b)—59; non-real c)1; real, unequal

d)—83; non-real e)—23; non-real f)—44; non-real g)0;

11.a)real, equal

p<1*2\/5b)3_\/ﬁ<p

real, equal h)5; real, unequal 3.a)non-real b)real, unequal

3 +;/E

2
, unequal c)real, unequal d)yes

c)real, equal d)real, unequal e)real, equal f)real, unequal

4.2)0 b)1 ¢)2 5.a)graph crosses x-axis twice

b)real,

b)graph crosses x-axis twice c)graph doesn’t cross x-axis

>

T EUATIVEDY

Review how to calculate the discriminant. MV
The value of the discriminant for various im&mﬁo equations is given.
Describe the nature of the roots. , :
@ 3 () —025 © ~1 @ T
(e) 25 # 0 () —4 ® V1
e Calculate the discriminant.
o Describe the nature of the roots. ,
> 3 I p——
@ - 6x+2=0 (0 32 —x+5=0
(0 3x>—5x+2=0 @ 7x*—x+3=0
() 4x* +3x+2=0 ) wa 2x+6=0
(g) x> +8x+16=0 () 5x> —5x+1=0
Describe the “nature of the roots” for each equation. o
(@) 6x* —x+2=0 (0) 4x*=3x—1=0 @ x*—Tx+ =0
(@ 9%* —18x+4=0 (o) 4x*—12x+9=0 (2> +x—-1=0
Each equation describes a quadratic function. How many times does each
graph cross the x-axis? . _
(@) y=2x>+5x + 7 (b) y=dx® +4x + 1 © y=x*+6x+2
Remember: To find the values of a, b and c, the quadratic equation must
be in the form ax? + bx + ¢ = 0.
What do you know about the x-intercepts of each function?
(@) y=2x2+3x+1 (b) y=x>—T7x+6 (©) y=5x*+4dx +3
Express the discriminant of each equation in terms of k.
(@) x> —6kx +9%k*=0 (b) kx®—(k—3)x+5=0 (c) kx? —Skx +3 =0
Find the value(s) of k so that each equation has real and equal roots.
(a) kx> —6x+2=0 b)) x>+ Ek—8x+9=0
For what value(s) of m does each equation have non-real roots?
(@) x> -mx+3=0 (b) mx* —6x+2=0
For what value(s) of p does each equation have real and unequal roots?
(@) 5x> —(p—1)x+1=0 () px* +2x+p—3=0
Describe the nature of the roots for each equation.
16 x—7 | 1 2
_— 1 .w
oM e
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