[ dx This will require us to complete the square on the

L denominator in order to set up a trigonometric
+8x+13
substitution
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Solution:

dx B dx
T4 rex+13] (4l 2w 41)+13-4f
= L W =4(x+1P? w=2(x+1) du=2dx
laGesn)? +of
1 du
o =
2l{u‘+9r
tan8=§= 3tanf=u, 3sect B df=du.
9 bl
ur =sec @ ,u " +9=3secd
dx 1 du
4 rsxer13f 22 4of
3sec? 846

1
2° (3 secé‘]4
1:3sec® 6d6
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Sometimes long division can be a useful strategy to evaluate an
integral...

If numerator is same degree or higher than the denominator
then we must first perform long division!!
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Integration using Partial Fractions

Simplify: 3g+ “4
xX—=5 x+

____B(m\\l-l(x-s\
<t¥

We want to reverse the process of
finding a common denominator...

. ] Sx+2
Express as partial fractions:
Xt —x—20
. )
1. Factor the denominator; —>+=
(xf SXx + 4)

2. Separate into partial fractions:
A N B Sx+2

¥=5 x+4 xr—x—20

3. Find common denominator and solve for .4 and B:

AGBOS) Gk

) X"ﬁ x‘.,\-to
P 1A+ BaesR - Swa
Kx—2o X=x=20

A +1a-sz=(Skt o

MB=S  qp-s5p=
A= 53

9(5-8)-s3=2




Now let's evaluate the following integral...
QNO j ﬁ.x + ")dx
f\?( —x—20
S <<-S )\tb db"

3\ dw
5 K=S xr1~
=30 [x=s]420n [xt¥| ¢

Here is another example...

jxdx

¥ —3x+2

J(X_,)(,‘_,S = A 4B _ x

Xt X‘, )?'_3.@7.
;Sé_v (e Rt B(x—?)= %
X S| Fx$Br~ARB= X

KRtB=] _-A-2[:
[2Jnlx‘l|‘)'\'!-lh~(\ el'.H'B‘ -n, ABD

- B f’ A=-dB




Some special situations involving partial fractions...

Note 1:
* If the degree of the numerator is the same as that of the denominator, or higher,

we would have to take the preliminary step of first performing a long division.

3 2
2x —11x" —=2x4+2

2
23" +x-1

Sx—4
(x+1)(2x-1)

2.~c2+x+1)2x3 11— 2v+2=(v—6)+

Note 2:
* [f the denominator has more than two linear factors, we must include a term

corresponding to each factor.

x+ 6 A B C

Ex — Y — = + ,,+ -
Mx—3f4x+5) x x-3 4dx+5

[\l ?ft 2 l:?r.lear factor is repeated, we need to include extra terms in the partial fraction
expression. o _‘;
X 4 B - Oct g>’~ WS
Ex {:x+3)l(x— 2) C x+3 i (x+ 3]3 i x—2
Cxtsy-
Note 4:

» When we factor the denominator as far as possible, it may happen that we end up

with an irreducible quadratic factor of the form ax? + bx + ¢, where the
discriminant is negative. Then the corresponding partial fraction is of the form...

Ax+ B

2
ax~ +bx+c

where A and B are constants to be determined. This term can be integrated by
completing the square and by using the integration formula...

_ PN
dx | T S N ; it
j - = tan 1‘ R ‘ e (or a trig. substitution)
¥ ta a e
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