Logarithmic
Functions

Did You Know?

Logarithms were developed
independently by John Napier
(1550-1617), from Scotland,
and Jobst Biirgi (1552-1632),
from Switzerland. Since Napier
published his work first, he is
given the credit. Napier was
also the first to use the
decimal point in its

modern context.

Logarithms were developed
before exponents were used.

It was not until the end of

the seventeenth century that
mathematicians recognized that
logarithms are exponents.
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Recall some knowledge about inverse functions...

*Inverse functions is the set of ordered pair obtained by interchanging
the x and y values.

f(x) f1(x)

*Inverse functions can be created graphically by a reflection on the y =
X axis.
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Word association game....

Addition ... inverse process

Multiplication ... inverse process

Squaring ... inverse process

Sine ... inverse process

Exponential ...  inverse process
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*Let us graph the exponential function y = 2%

*Table of values:

»
<

0.125

0.25

05

=

M=ok s

o~




*Let us find the inverse the exponential function y = 2%
*Table of values:

X Y —
0125 -3 - v
0.25 2
05 1 \
1 0 ‘ /./
2 1 N/
4 2




*Next, you will find the inverse of an exponential algebraically
*Write the process in your notes

y = a" / 0 ;’)
Interchange x 2 vy 9 A

X=aY
*We write these functions as: ( 0?3' exponent

Xzay ﬁ y:logax \/

y = logx
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IMPORTANT NOTATIONII e

Exponential Form

x=a

Say, “the base @ to
the exponent p is x.”

Did You Know?

for a logarithm is
called an argument.
For example, in the
expression log, 1,
the argument is 1.

Logarithmic Form

is written as...  y=log,x € readas..
_ “log of x to the basea”
way, “p is the expanent
}J%:?cﬁ; {ggtuﬂt?;se e a>0and @ #1

answerx.” X 7 0



Example 1) Write the following into logarithmic form:

a) 33=27 > logs;27=3 /
I

b) 4°5= 256 > log,256=5

c) 27=128 » log,128=7

d) (1/3)*=27 » 10g4,527=X
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Example 2) Write the following into exponential form:

a) log,64=6 > 26=64

b) log,55=1/2 > 2512=§
c) logg1=0 > 80=1
d)Iog1§§=2 > (113)2=1/9
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Example 3) Find the value of x for each example:

X 3
a)log;s27 =x (> =3 b) logex = 3
5 .-97 ~%=3 5 -:7(
Gy J /25X
c) log,(1/9) = 2 d) logsx = 0

\]\‘F =x
5 =%
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What is log,J000 ?

Since our number system is based on powers of 10, logarithms with
base 10 are widely used and are called common logarithms. When
you write a common logarithm, you do not need to write the base.
For example, log 3 means log_ 3.

So now after reading the
above...What is log 1000 ?
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Review...

logarithmic
function

 afunction of the form
y = log, x, where
c>0and c# 1, that
is the inverse of the
exponential function

y=c

logarithm
« an exponent

* in x= ¢ yis called the
logarithm to base c of x

common logarithm

* alogarithm with
base 10
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Key Ideas

® A logarithm is an exponent.

@ Equations in exponential form can be written in logarithmic form and
vice versa.

Exponential Form  Logarithmic Form
x= ¢ v=log x

@ The inverse of the exponential function y=¢* ¢ > 0,0+ 1, is
x = ¢! or, in logarithmic form, y = lcr.gc x. Conversely, the inverse of
the logarithmic function y = log_x, ¢ > 0, ¢ # 1,is x = log,_ y or, in
exponential form, y = ¢

@ The graphs of an exponential function and its inverse

Va ﬂ 2%

logarithmic function are reflections of each other in the
line y = x, as shown.

™

@ For the logarithmic function y = log, x, ¢ > 0, ¢ # 1,

= the domain is {x| x> 0,x € R} ~ a4

&
2

=Y

So)] v dg, [x

)

= therangeisi{y| v € R}

= the x-intercept is 1 P

e

= the vertical asymptote is x = 0, or the y-axis p

o A common logarithm has base 10. It is not necessary to write the base
for common logarithms:

log,, x = log x
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Check-Up Time...
Evaluate each of the following:

1. log,8+4/32 =X 2. —__10

Joya 97 3 B
/ogau(:') 3 (9

Q ;x Q“Ds’9 X (/0/) 797

&> =
3. logSB 4. log 36=X
/o iy ‘ox=3Q
3 g3
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What is the value of
any logarithm with an
argument of 17 Why?

General Properties of Logarithms:

Jogn]

(1) log, =0
(11) log, a* =x

Ifa > 0and a=1. then. ..
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(’X 5/1 5 A= 31
X = J__S (3\"?‘33
W 3"0‘: 3'3
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Laws of Logarithms

Did You Know?

The world's first hand-held scientific calculator was the
Hewlett-Packard HP-35, so called because it had 35 keys.
Introduced in 1972, it retailed for approximately U.S. $395. Market
research at the time warned that the demand for a pocket-sized
calculator was too small. Hewlett-Packard estimated that they
needed to sell 10 000 calculators in the first year to break even.
They ended up selling 10 times that. By the time it was
discontinued in 1975, sales of the HP-35 exceeded 300 000.
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Laws of Logarithms: Ifa>0, M>0, N>0andneR then...

1) Product Law = the logarithm of a product 1s equal to the sum of the logarithms of
the factors.

PROOF: Let log, M =b and log, N=c
S0 a® =M a‘=N
then,
log, (MN)=log,(a” ®a®)
= log, (a"*")
=b+c
|
L C oo | log,(MN)=log, M +log, N ‘
A" Q&
~ i<
- O
examples: a) log,,(6 < 9) b) log, 12+ log, 7

t/%"é”"j‘w? /U}z(llﬂ>
v k/my
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2) Quotient Law = the logarithm of a quotient 1s equal to the logarithm of the
numerator minus the logarithm of the denominator.

PROOF: Let log, M =b and log, N=c
SO (lb =M a® =N
then,

(M [ab )
M g,
WV was

= log, (a")

=b-c
|
- i) lI=loe M —log N |
AN il - ‘
(97 | \
examples: a) 102;‘ = ‘ b) log, 15-1log,3 ©¢) 1@@10‘ _ ‘
= log 17~ /\;gg 6 N (f) /OD ~loy
(v

pIRY = 0O~ /027
'\/fg?
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3) Law of Logarithms for Powers = the logarithm of a power of a number is equal to
the exponent multiplied by the logarithm of the number

PROOF: Let log, M =b
S0 a’ =M
then,
log, M¥ =log_(a")?
= log,, (a"7)

:Z)xp

*log, M¥ =pxlog, M

examples. a)@g b) 2log; 5 ¢) log, /125
= 0 - 0 S ¥
7/00@8 //(?3; // g f2s™™
v
3 Y /?[S/Zf
Ny
1(33
=3
<)
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<
C-@) P=375(/ )~

Ve
b) P=325(1.2) 6so ¢
=59 3 Cogotes 10300 Qagr

S'?z (X (o %OOB’

o 836
T + ] D \g75° +
—- 4
\ 415
M 5 = 7074/ a>
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Example 1 — )

Use the Laws of Logarithms to Expand Expressions

Write each expression in terms of individual logarithms of x, y, and =
a) lcngﬂ%
b) log; /Xy

c) log, ‘&i?

og, 7 )
L Y . le )"
I/\)as x4+ [vc &\,1 2 (ot ooy

)Xk Llog oy
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Example 2 —
Use the Laws of Logarithms to Evaluate Expressions

Use the laws of logarithms to simplify and evaluate each expression.
a) log, 9V3

bJ*log, 1000 — log; 4 — log, 2

) 2log, 6 — %IDg3 64 + log, 2

a) /0331{- /°Jz‘ﬁ b) /Das (ZOT?_E)* /0353
/°937*lt for3 I%)s 35010y, 2

= a#—i(\) /095 '%)
Q@ g
S
£) ,°)s ._/_'9-°—>
)
/%5 o)
=3

>
Z'log, 6 — 5 log, 64 + log, 2

(o 5ok = foq JB + ’033';.
Jos, (;eg_?,) \> /g)(%é> 1‘/?39

/og.51 A /%"x 9>
SO /o, 7=2
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Example3 —— )

Use the Laws of Logarithms to Simplify Expressions

Write each expression as a single logarithm in 51mplest form State the
restrictions on the variable. > %‘

a) 4 log, x — —[log3 x + 5log, x ] —x-—lp

b) log, (x* — 9) — log, (x* — x — 6

"){f/oa-,x -4 lx =g W%’)
: //%x ® (x*})

N o= (gt g )

/Oa,x- ( ’°D=(x 7&)
/03'3"* : /°a x
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Key Ideas

@ Let P be any real number, and M, N, and c be positive real numbers with ¢ # 1.
Then, the following laws of logarithms are valid.

Name Law Description

The logarithm of a product of numbers is the sum of the

Product  log, MN = log, M+ log N logarithms of the numbers.

Quotient  lo M los M— log N The logarithm of a quotient of numbers is the difference
BN =108 — 108 of the logarithms of the dividend and divisor.
The logarithm of a power of a number is the exponent

Power log "= Plog M times the logarithm of the number.

e Many quantities in science are measured using a logarithmic scale. Two
commonly used logarithmic scales are the decibel scale and the pH scale.
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Do I really understand??...

a) Express the following as a single logarithm... 2log, 3* +1log, 6 - 3log,
1

b) Evaluate the following. .. log,(32)°

¢) Express the following as a single logarithm. .. = [{__lo.g_; a+2log.b)-3log. c]

s

d) Express as a single logarithm in simplest form...

%{lllloga x* —2log, x 1+8log, \./r)_:——'lloga L

7

7

3
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a) Express the following as a single logarithm . 2log, 3* +log, 6 —3log, 3

/o ,';7"/?-,,(. ~/03,_33

log. /3.
() Gy

1

b) Evaluate the following. .. log, (32)?
.é 103331 /°3° (a,>"a
30 ( fd”
) =g
) % 3 -§ ()

=5
3

/Oa?.?t} N

= 5
3 fopa?
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¢) Express the following as a single logarithm. .. % [(10g5 a+2logs b)-3log; c]

> 1
é{'oasab - /°as <
/
2 o (%5

/ l
Q b\ "o
P(55) = g o

g:sg-km;’ﬁ C A’\jor; Fhm:

¢) Express the following as a single logarithm. .. %[(10g5 a+2log, b)-3log. c]

(D Remog al| =
Prac

c -"'ZI"as‘\ + /o?sb‘_% fog 5¢

® R \ 3
R(;I;‘mﬁg\h = /";g °\LL f‘/“a.sé - /073 C

as ® Xoonrts
“h
D Write as g, (2 >
Q Sia b => 075 ?;
/‘p«z'ﬁm
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d) Express as a single logarithm in simplest form...

j[ul'lo ,x* —2log, x 1+8log, +x —4log, i}
7 (Izl X - ZY/D‘?.,X + 8/03 ‘X 71/095’<—>
i lo xi)—lalo x + 0 Io
?‘ ‘R/U;LX
/0)‘7( ‘\/Oabx 7L/?LK ‘/0 -2.]

/03 )(‘.)e
— I
L/T /o LX’-‘l
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