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Differential Equations

Differential Equation:
« An equation that involves one or more derivatives of an unknown function.
dy
. : 2
Example: -~ _ ..
dx

* This means that the unknown is a function and not a number

The solutions of the equation é — x* are...

dx
y= j xtdy
3
- +C
3

The order of a differential equation is the order of the
highest derivative that it contains...

& =3y (1™ order)
dx

~nd
V'+ v =cost (2" order)
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First-Order Differential Equations

A function y = y(x)1s a selution of a differential
equation on a given interval 1f the equation 1s
satistied for every x in that interval when y and
its derivatives are substituted in the equation.

Or ex¢ . v=e"* 18 a solution of the differential
For example,
L — % 'z

equation ? _yp=e y =, € x(
X = e 5
\)!A:‘p N 0’ >

However, this 1s not the only solution; for example
y =Ce™ +¢* 1s also a solution for every real value of C.

There is a ve that

43— - a :é)‘correspond to the possible solutions.
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Initial \Valiie Prahlem nrovided with an initial condition
d‘l: -.lx
——y=e
dx

(Must solve for C)

- I
y=Ce* +e™*

We know the general solution is...
’—_\

H0)= 3 o o o
>§\=07:3
3:<<X+ elﬁ
2= CCQ‘L ’eb

g1 e

The graph of this solution would be the integral
curve that passes through the point (O, 3).

implies that when x = O, y = 3

April 29, 2014
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3
cample 1 Show that y(x)=x ? is a solution to 4xy" 120"+ 3y = 0for x » 0.
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Warm Up
2. (a) Show that

y=c¢,sin2x + 3 cos 2x

is a general solution for the differential equation

2
d_y+4y=0

de

2
(b) Show that d—f = 2@ has a solution of y = ¢, + c e
Py 2

y=c¢;sin2x + 3 cos 2x
/
(q)y = C, (DJ‘Z)((E) '33')‘&)((7) = ¢ (o8 Ax \C: §7ay

; :‘QcIS‘m (?x)(t) ~Gros lx(g) = \VQ S

ex '/Z (QJQ
Vor & - LS X

RS

(‘(fC, Siq ax-12m3?9+¥((, SVa 2+ 3ro¢29 O
; L/(,S"'\Z)(J'Z (o3xt </C,S/‘q x ¥+ 12 <oy Q)\
0
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2
ay_ 2dy has a solution of y = ¢, + c,e"
2 2

611: Czﬁzx(?) =, &7
U‘ Q(’- 23 71(16

(b) Show that

LS
qcz f’\)‘- =
D (Q (zelx)
I #Caﬁ’l%
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First-Order Separable Equations
= A separable differential equation can be
written in the form

ay _
%—g(x)f(y)

= To solve this equation we write it in the

differential form

h(y) = g(x)dx, where h(y) = 1/f(y).
m [n this form the variables have been

separated:
= All the y’s are on one side of the equation, and

m all the x’s are on the other.
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Example:
= Solve the differential equation
dy _x-
)
: : oy : =5
= Find the solution of the equation that 1=

satisfies the initial condition y(0) = 2.

Sty
Uf; +Q= \5_5- <+< oN 0%0(,, o,\laj

Sale {‘\OR\C" ; ,
-

S v =

3 FIGURE 1
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Example:

Solve the differential equation ?
X

and then the initial-value problem

v -
@ —4xv* . y(0)=1
dx

= —41:}"‘Z

bt(x)-:?

April 29, 2014
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Example:

Solve the 1nitial value problem

dv PN
1—Lo~,1)——% =0, y0)=0

g(‘f}—msg 0(\6_ ﬁx’*(k;a
Q(\][‘- Sl‘na o= %

Z(OY_-—S;,,((%LCT_D
Q- 01\( 0

D Iy =X |
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Unit Test: Trigonometric Functions Sept. 2004

L Multiple Choice: Shade in the letter corresponding to the correct solution on the scantron sheet provided. [0}

1. In which quadrant would the terminal arm of the angle ~35 587° lie?

[A11 B2 i3 14
2. Determine the period of the sinusoidal relation described by the mapping (x, y) - ﬁm_m 6-34°,~3y+ Nu s
[A] 7200° [B]20° [C]120° D] 18°

3. The graph shown models a trapeze artists distance from a support beam with respect to time as she swings back and forth.

What is the amplitude of this graph?

[Al5 [B] 10
[c]14 [c18
ﬂw,:m@ i
at s the principal angle of 34377 [A] 197° [B1-197° [c]163° [D]343°
' iven that the ordered pair (-2 , 4)lis on the terminal arm of 6, determiae the value of sec6
1Al ,J% Bl-5 s ‘1 %
6.1f sin 8 <0 andsec 9> 0, then the terminal amm of 9 lies in which quadrant?
[Alt ®B12 [cs D14
7. Which of the following graphs would you classify as periodic, but NOT sinusoidal?
[Al ] [} (]

.
i [Alz=9 Blx=4
T 2 [Cly=9 Dly=4
e A 4 o %
9. Bvaluate:  csc192°
[A]-0.2079 [B]—4.8097 [C]-1.0223 [D]-0.2984
10. Given that sec@ HIM. and sin §< 0, then the value of tan §would be 3
1 11 41 41
= e fll g
11. How fast, in cm/s, does the minute Kiand on a clock rotate if it is 8 cm in length?
[A]0.84 cmo/s [B] 50.27 cm/s HQ 3.35 cm/s [D] 0.13 cr/s -
12. Given that tanez = —4.7046 and 0° <o <360°, find all possible values of ¢ .
[A]78°, 102° [B]-78°, 102° —[crie’, 282° [D] 78°, 258°
/' smmine the period o the graph shown below:
Q4
[A]16° B2
~,
112 D] 22.5°

14. An angle in standard position whose terminal arm lies on the x-axis i...

(] co-terminal [B] undefined [C] quadraatal [D] negative

15. Which of the following equations has the correct phase shift for the graph shown below? ‘

(A1y=1sia3(0+80%)-1 By =2sin3(o+209 -1

[y nwmiwﬁwgnv\_ ol nuwa&@ -80°)-1

16. Given that sin§ = \m. determine the measure of @ given that 270° <& <360°.

2
[B]-45° ¢ [C1330° [D]315°

[A] 45°
17. Which of the following sinusoidal relations describing height versus time would have a period of 10 seconds?
[A] h=-2sin10(~2)+1 [B]2=10sin36¢ - 2
1

T el
] N_uu%sww?é [D] h=-10sin v +36

18. Hillary is riding on a Ferris Wheel. Her height above the ground in metres with respect to time in seconds s represented
by the graph below, What would be the radius of this Ferris Wheel?

‘Helglityéisos Tme-m ErspVieat
4 [A}J45m B]5m
s
=2
: Clim D] 4m
s
19. What is the value of sin* 630° — csc(~ 270°)+ cos* 180° 7
[Al1 [BI-1 [cio 13
20. What is the range of the sinusoidal relation y =~3c0s@ +5 ?
[C1-35ys<8 [Pl -35y<5

[A] 2sy<8 [B] -3<y<3

2. Given the graph shown:

(i) Write BOTH a sine and cosine fiinction that would describe this graph. “
(if) Write a mapping to indicate the transformations necessary to map the graph of y = sin @ to the graph

shown above. 21

3. Sketch at least one full cycle of the following sinusoidal relation: ~ y +2 = 3sin(30 - 457) [l

en Response: All work is to be shown in the space provided.

1. Without the usé of a calculator evaluate the following trigonometric expression. Express answer in simplest form; and.

‘provide sketches. is1
c0s” 690°tan(~135%) + 560 240° — cos(~450°)

4. During the recent hurricane in Flotida a boat was observed floating up and down on the huge waves created by the
‘winds from the storm. A local meteorologist starts a stopwatch and observes that 2 seconds Iater the boat is at the crest of a
wave, 12 m above the normal water level, and 5 seconds after reaching the crest the boat arrives at the trough of a vave,

6 m below the normal water level. Where would the boat be located in reference to its normal ‘Testing position 2 minutes

and 33 seconds afier the stopwatch is started?
(Include a graph and a trigonometric function that defines the graph) 51
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Review: Trigonometric Functions


1. Determine the principal angle for each of the following:


    (a) 1839o


(b) – 3547o

2.  Evaluate each of the following without the use of a calculator (Draw reference Δ’s)


    (a) 
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3.  Indicate within which quadrant the terminal arm of each of the following would lie.


   (a) 34 378o


(b) 
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4.  Evaluate each of the following using a scientific calculator:


    (a) tan 128o


(b) csc 247o


(c) sec(- 38o)


    (d) cos θ = 0.7771

(e) 
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(f) 

[image: image5.wmf](


)


3662


.


2


csc


arc





    θ = ?  


5.  If the ordered pair (-4, -2) lies on the terminal arm of angle θ, then determine the 6 trigonometric values of θ.


6.  Find the exact value of 

[image: image6.wmf]sec


q


, given that θ is a second quadrant angle and 
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7.  Sketch the possible shape of a bottle, the filling of which is shown below.
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8.  (i) State the amplitude, period, phase shift, vertical translation, domain, and range of the 


          following trigonometric functions.


     (ii) Sketch each of the functions.


    (a) 
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(b) 
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    (c) 
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(d) 
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9.  For each of the following write both a sine and a cosine function to define the graph, and a mapping rule for 


     each function.


[image: image13.jpg]



(a) 






(b) 
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10.  Suppose that you and a friend go for a Ferris wheel ride.  You are seated in your bucket and in 3 seconds 


       you reach the top (13m above the ground) as everyone is loaded and the ride finally begins.  The wheel 


       rotates 6 times each minute, and has a diameter of 12m.  Assume the wheel turns at a constant rate.


    (a) Sketch a graph


    (b) Write an equation to define this graph


    (c) How high above the ground will you be 5 minutes and 41 seconds after the ride begins?


11.  A weight attached to the end of a long spring is bouncing up and down.  As it bounces, its distance from the 


       floor varies sinusoidally with time.  You start a stopwatch.  When the stopwatch reads 0.4 seconds, the 


       weight first reaches a high point 50 cm above the floor.  The next low point, 30 cm above the floor, occurs 


       at 1.8 seconds.  


    (a) Sketch a graph of this sinusoidal function


    (b) Write an equation to define the graph


    (c) What was the distance from the floor when you started the stopwatch?

�
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