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Sequences and Series

Sequence:
A pattern of numbers in a definite order that follow a certain rule.

Examples of sequences:

1)1,2,3,4,5,6, 7, ... add 1 to the preceding term

2)2,4,7,11, 16, 23, 31. add 2 to the preceding term, add 3 to the next term, etc
3)1,1, 2,3,5, 8, 13, 21, 34,... add the two preceding terms together

Series:
The sum of the terms in a sequence.

Using the above sequences, we have the following series:
DN1+2+3+4+5+6+7+...
2)2+4+7+ 11+ 16 + 23 + 31.
3)1+1+2+3+5+8+13+21+ 34 +...

Finite Sequence or Series:
Comes to a definite end

2+4+7+11+16+ 23 + 31

Infinite Sequence or Series:
Continue indefinitely

1,1,2,3,5,8,13, 21, 34,...
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Notation of Sequences and Series: t
-5,0,5, 10, 15, 20, ... ’

« Each element of a sequence or series is referred to as a term.

Referred to as the rih term
SN S S SRR R . ~=="or the General Term.

General Term:
An equation or formula used to determine the values of the terms in a sequence.

Example: t, = 5;1—;12 hat is the 15th term in this sequence?
C.=509-(s) Whal e H\g
_ - Fiest X ferm

TSRS sy - ()t

= -JSo Y
€y = 6 é) = 6
Recursive Sequence:

—
A sequence that uses the previous term to come up with each successive term.
» Must be given the first term to develop a recursive sequence.

166,

Example: ¢, =4 . o
1 What is the 5th term in this sequence?

t,==2n+4(,  +1)
]

= -2(?) + ‘f(; +| ) £, (‘f)f‘f(éu-;)

Rl 2 5
/({(. o —_'~l3+2$1
&L = 24y
3% "AG) + Ko ¢
- SE=3(s)+Y¥(2
-6 +¢q ) ~\{) (Y‘lf)
62
Examples:

1. Determine the fifth and tenth terms of the sequence defined by )
the followmg eneral t rm fo=2Qn— 5(1 n ) &— on "'RZ ( U, R
‘-

=20(s) ~ (S) -l._,°=2.°(10\)‘5(’_/01
—']m_(_(lé =200 ¢4 ‘{-75
=220 =G9S
2. Determine the eighth term of the recursive sequence with an ini/t‘iéi term
of - Sadeeﬁnedb the general term: ¢ _31” L +2n UA/‘SV\O
)t 2
) 9(14 )t ()
== ls
E3msCU)r20s) o= S(-apes) t20q
=719 ==/2 113
Ey = SC-19)vd ) TS 721142 (y)
< -447 = 6o 55
3= S(Cu:/) R}
T 7302 339

—_—
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L=l €, =3 [J;,=?7
to= ‘B(nﬂ) _ g@+ ééhb}

3 =‘3(’5 -{.B_g\(ﬂ)_‘_(})\_
B e A S

==

¢

¢

17 3(M) =20 ¢ ()
=7/sq 1_,
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Fibonacci Numbers
1,1,2,3,5,8,13,21, 34, 55, 89, ...

_ (ie. The 8th Fibonacci number would be the
F;? _ F;?—'l +F;:!—2 sum of the 6th and 7th Fibonacci numbers, etc.)

History
Fibonacci was known in his time and is still recognized today as the "greatest European mathematician of the middle ages."
born in the 1170's and died in the 1240's and there is now a statue commemorating him located at the Leaning Tower end o
cemetery next to the Cathedral in Pisa.
His full name was Leonardo of Pisa, or Leonardo Pisano in Italian since he was born in Pisa. He called himself Fibonacci w
short for Filius Bonacci, standing for "son of Bonacci", which was his father's name.
In Fibonacci's day, mathematical competitions and challenges were common. For example, in 1225 Fibonacci took part in a
tournament at Pisa ordered by the emperor himself, Frederick II.
It was in just this type of competition that the following problem arose:
Beginning with a single pair of rabbits, if every month egwloductivepair bears a new pair, which becomes productive when
they are 1 month old, how many rabbits will there be aftemonths?

I

time=20 1 2 3
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'

pairs =1 1 2 3 5
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Homework

Worksheet
N
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Check Up

1. Determine the 5th term for each of the following sequences:

@ t,=2n —3‘]2 TS (b) t1=—4, 1, :1’—__3

ts-—&(s:ﬁ%(sf '
és'S— 3--9)+¢4 ¢,
:a(\‘)—lsg ( »'f‘ ()

- =57+ Y
@ leor ]
L A AL
na ~SOTH) (39

Y w 3-2
t,=5n—-t, -)+4t, 4 é

—
-

€ . S
5—1‘@ :/7/ Sé
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Another famous number pattern...

Pascal's Triangle

See the pattern???

What are the next two rows
of Pascal's Triangle?
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Arithmetic and Geometric Sequences

Arithmetic Sequence:
A pattern of numbers in which each term is found by adding
or subtracting the preceding term by the same amount.

Common Difference (d): Initial Term (a or t1):
Difference between successive terms First term in the sequence
Examples:
é oY

1) -3,1,5,9,13, 17, ... 2) 2,0,-2,-4,-6, ...

of= ¢ d=-3  L_=otTd

3

&= 3ag O=~3 €=

In general, any arithmetic sequence can be represented as follows...
th b t3 ty ts ts t,

a,a+d a+2da+3da+4d a+5d ...,a+m-1)d,..

General Term of any Arithmetic Sequence

t,,=$"+(n-1)d
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Geometric Sequence:

A pattern of numbers in which each term 1s found by multiplying or
dividing the preceding term by the same amount.

Caa\ Cv.\
+ Initial Term (aor t1):
i First term in the sequence

Common ratio (r): “’—">
The multiplier between any
Two pairs of successive terms. é

Examples: (CM‘\ ( ‘%

1) -3,6,-12, 24, -48, 96, ... 2) 9’«31llii
39 27 81
V-c ‘A _
o\ oo 3
In general, any az.t,hmaue sequence can be represented as follows...
v S — anlbh
t1 t2 x t3 t4 t5 te tn 677 = Qr

~
a',\'ar, ar?, ar’, art, ar’, ..., ar"!,...

General Term of any Geometric Sequence

t,=arn-!
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Examples:

1. Determine the general term for each of the following sequences:

(a)-7,-2,3,8, 13, ... hvlﬁ)ﬁﬁ".‘((b) R -1
—

37187 10876487 2
~2‘(:!3‘: S % é n-l
3 —(‘13: S n =1 r
— |

( -
¢ f.*(uq}d l:n- 3 b

{é = ¢
174=S(f79)-12
= 378
2. How many terms wou‘ltd' be in each of the following sequences? @
17?
(a 3,1,-1,-3,-5, ..., —15_5_7' (b) -2, 6, -18, 54, ..., 39 366

£ty S
én: R+ (V\-‘IB(*Q) t fn: o ( >AJ
.Y }73“:'&-—3

fn-.z—am\a % T ~)- )
i"n‘— S-dn __/?é%}=63>
“Issy< oy ?
“ISga=_y, $=17¢93

_/093

10
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3. (a) Determine the 455 t term of the following arithmetic sequence:
L L S e, S
to=34 and t,,=1742 (Hint: Systems of equations might help???)

=B +IRA=3¢ La= Lkl
L ravad= M

(b) The fifth term of a geometric sequence is 40 and the eleventh term

is 2. Determine the 20th term in this sequence.
8

(Express your answer as a fraction!!)

11
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Assess Your Understanding

a) Give 4 examples of radicals. Use a different index for each radical

b) Identify the radicand and index for each radical.
¢) Explain the meaning of the index of each radical.

Evaluate each radical. Justify your answer.

a) /36 b) 8
22 e

e) \JTE_S_

d) I-32

h) 4625

¢) 410000
g) J0.125

Estimate the value of each radical to 1 decimal place.

What strategy did you use?

a) /8 b) 39
e) 315 f) 17

a) What happens when you attempt to determine the square root of

d) /13

h) 320

c) 410
g) /19

number such as —42 Explain the result.

b) For which other radical indices do you get the same result with a

negative radicand, as in part a?
¢) When a radicand is negative:
i) Which types of radicals can be evaluated or estimated?

ii) Which types of radicals cannot be evaluated or estimated?

For each number below, write an equivalent form as:

i) a square root

a2 b3 o4 410

ii) a cube root

e) 09 )02

Choose values of n and x so that "x is:

a) a whole number
¢) a rational number
Verify your answers.

b) a negative integer
d) an approximate decimal

= 1.912 931 182 772 389 101 192 116
839 548 760 282 862 439 050 345 875
766 210 647 640 447 234 276 179 230
756 007 525 441 477 285 709 904 541
913 958 790 759 227 944 615 293 864
212 013 147 486 695 712 445 614 039
888 169 681 471 379 702 626 745 446
612 044 061 147 761 416 391 806 241
578 673 927 453 141 892 781 075 667
871 691 066 794 229 608 191 383 758
219 601 042 802 155 946 150 300 697
613 551 307 287 191 167 449 608 313
771 081 504 584 906 733 629 612 655
131 887 183 073 974 740 458 182 893
551 185 633 773 547 212 430 828 593
092 438 654 681 098 440 938 923 431
110 568 208 310 066 222 313 508 685
604 140 201 133 691 676 872 961 909
991 081229 243 112 174 410 739 919
535 437 911 589 068 649 306 417 647
062 891 485 738 710 386 488 768 546
101 412 787 971 783 309 636 271779
870721786 ...

iii) a fourth root

e ———.

206

Chapter 4: Roots and Powers |
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A All variables represent natural numbers.

1

@ g

Write the first four terms of each sequence.

(a) t,=2n-3 (b) t, =2y
© t,== @ =201
© =" @ g =23)
(@ t,=Vn+1 ) t,=n

The recursive formula is given forn e N
and n > 1. Write the next three terms of each
sequence.

@ f=41,=30,_)
) t,==2t,=t,  +7
© t,=51=t,_ —4n
(@) 5=-7,4,=2t,  +3n

n-1
Find the fifth term of each of the following
sequences, where k € Nand k> 2.

(@ =21t 5,=2(t,_) +3(t,_)

O f=-1,6=44=0_)0F_,)

(©) #=2,,=3,t,=t,_+t,_ ,*+k

@ 4=56=31=0_)"+_)

All variables represent natural numbers.

‘Write the first four terms of each sequence.

@ t=21-3 ) =2
©) t”:% (@ t,=2""1
© =20 @ g =2])
® =Va+1 @ 1=

The recursive formula is given forn e N
and n > 1. Write the next three terms of each
sequence.

(@) t,=4,t,=3@,_)
®) t=-2,t,=t_+7
(©) t,=5t,=t,_,—4n
(@ t;=-7,1,=2t,_,+3n

Find the fifth term of each of the following
sequences, where k € Nand k> 2.

@ =2, t2:3’tk:2(tk—l)+3([k—2)
®) t=-16=46=(_)k_o)

©) {=25,=3,,=t,_+1,_,+k
=5,4,=3,4,=(_ )+ (0

B

Scibv TIonS:

B

5

Jows:e

SobLvT

Remember: The subscript of the formula
need not always be n.

Write the next three terms of each sequence.

(a) 1,3,5,7,. (b)—lO -8,-6,—4,...
12 -3 11 1
(c) T334 (d)2 4°8°16°

Find a possible recursive formula for each
of the following sequences.

1 1
a) 5,6,7,8,... b) 2,-,2, =
(a) (®) )

(©) 2,5,26,677,...(d) 1,0,1,0,...
() 5,11,23,47,... () 2,-3,7,-11,...

PN

+I”’171

Te="1'¢-=9
o=l @ z([*““l):“l =

=% (3

<=1 (eg
(e 1

=G+ =
T+ 7=

=97="1(@1+'
gg@@( L9 <& ¢

9— Z
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1
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Remember: The subscript of the formula
need not always be n.

‘Write the next three terms of each sequence.
(& 1,3,5,7,...
1

2 3 kS
2. = ...0d75,
220,

1 1
4> 8°16°
Find a possible recursive formula for each
of the following sequences.

@ 567.8... ®) 21 2%

(©) 2,5,26,677,...(d) 1,0, 1,0,...
() 5,11,23,47,... () 2,-3,7,-11,...

A
=% 6 1-T"D="
=4 (3u="1

=1 (es i

(b) -10,-8,—6,—4,.. ..

b=l G+
T=T 0 1+ 7D="

—u

=Y @1+’
8z1v9z€( L9 ‘s(

9—ug
—4
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1="
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