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1 1 Making Conjectures: Inductive
Reasoning
Use reasoning to make predictions. T K

@Y oK W
« If the first three colours in a sequence are red, orange, and yellow, U &)
what colours might be found in the rest of the sequence? Explain. W (/\/ ,/\/

000 (hl

N

EXPLORE...

SAMPLE ANSWER

Here are three possible answers:

e [fthe colour sequence is red, orange, and yellow, the rest of the sequence
may be green, blue, and purple. These colours are the primary and
secondary colours seen on a colour wheel.

@O00000®

¢ [fthe colour sequence is red, orange, and yellow, the rest of the sequence
may be green, blue, indigo, and violet. These colours are those of a

e @O000000

¢ [f the colour sequence is red, orange, and yellow, the rest of the sequence
may repeat these three colours.

@O0O0O@OO
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INVESTIGATE the Math

Georgia, a fabric artist, has been patterning with equilateral triangles.
Consider Georgia’s conjecture about the following pattern.
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Figure 3

I think Figure 10 in this pattern will have 100 triangles, and all these

triangles will be congruent to the triangle in Figure 1.

© How did Georgia arrive at this conjecture?

A.  Organize the information about the pattern in a table.
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conjecture

A testable expression that is
based on available evidence but
is not yet proved.
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B. With a parwmer, disctss whilt ?Uli‘ﬂh[igﬁ

C. Extend the pattern for two more figures.

D. What numeric pattern do you see in the table?

Ca (| |
dbout the data in the table.

Answers
A. [Figure 1 al sl e 7] 8] of 10
Number of Triangles | 1 4 16 | 25 | 36 | 49 | 64 | 81 | 100

B. The pattern in the table shows that the number of triangles equals the
square of the figure number.

C.

VAVAVAVAVAN

Figure 4

Figure 5

D. Figure 11 has 117 or 121 triangles.
Figure 12 has 127 or 144 triangles.

The numeric pattern in the table shows that cach figure will have a
perfect square of congruent triangles. The number of congruent triangles
in each figure is the square of the figure number.
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Reflecting

inductive reasoning
E. Is Georgia’s conjecture reasonable? Explain. Drawing a general conclusion
by observing patterns and

F.  How did Georgia use /inductive reasoning to develop her conjecture? | identifying properties in specific
examples.

G. Is [hﬂl’(ﬂ a diffﬁ!l’t‘-ﬂt conjecture you 'C'Dllld make b&lSEd Uporn tl‘lt‘- Artern
I ¥ E E
you see? Explain.

Answers

E. Georgia’s conjecture is reasonable because, when the table is extended to
the 10th figure, the pattern of values is the same as Georgia’s prediction,

F. Georgia used inductive reasoning by gathering evidence about more
cases. This evidence established a pattern. Based on this pattern, Georgia
made a prediction about what the values would be for a figure not shown
in the evidence.

G. A different conjecture could be made because a different pattern could
have been seen. [f the focus had been only on the congruent triangles
with their vertices at the bottom and their horizontal sides at the top, then
the following conjecture could have been made: The 5th figure will have
10 congruent triangles.

AAA AR AR

Figure1 Figure 2 Figure 3 Figure 4 Figure 5
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EXAMPLE 2 Using inductive reasoning to develop a conjecture about integers

(D 2x$ =

Make a conjecture about the product of two odd integers. g
2 (X 7 3 ©

Jay’s Solution @ - /)( / = //

(+3)(+7) = (+21)

(+3)(=3) = (-9)

My conjecture is that the product of
two odd integers is an odd integer.

Eo)Cmes (Faseny ey

& —x -zt =1¥7

Odd integers can be negative or positive. | tried two
positive odd integers first. The product was positive
@nd odd.

e

Next, | tried two negative odd integers. The product
| was again positive and odd.

=
Then | tried the other possible combination: one
positive odd integer and one negative odd integer.
\this product was negative and odd.

=
| noticed that each pair of integers | tried resulted

in an odd product.
-

(-'-"
| tried other integers to test my conjecture.

\_The product was again odd.
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EXAMPLE 2 Using inductive reasoning to develop a conjecture about integers

Make a conjecture about the product of two odd integers.

Your Turn m
Do you find Jay's conjecture convincing? Why or why not? S,

Answer

Here are two possible answers:

*Yes. Jay’s conjecture is convincing because all the different
combinations with positive and negative odd integers were
used as samples. These three samples showed a pattern in their
products, which Jay then tested with different integers. Jay’s
conjecture was supported by this last sample.

*No. Jay looked at only three cases before he made his
conjecture, then tested it with only one more example. This is
not a lot of evidence to base a conjecture on.
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EXAMPLE 3 Using inductive reasoning to develop a conjecture about perfect squares

Make a conjecture about the difference between consecutive perfect squares.
Steffan’s Solution: Comparing the squares geometrically

My conjecture is that the difference
between consecutive squares is always

an odd number.

The example supports my conjecture.

rFIn=.'pres»ented the difference using unit tiles for each perfect square.
First, | made a 3 X 3 square in orange and placed a yellow

2 X 2 sguare on top. When | subtracted the 2 X 2 square,

\J had 5 orange unit tiles left.

a
Next, | made 3 X 3 and 4 X 4 squares. When | subtracted the
3 X 3 square, | was left with 7 orange unit tiles. | decided to try

\_greater squares.

e :
| saw the same pattern in all my examples: an even number of orange

1 unit tiles bordering the yellow square, with one orange unit tile in the

top right corner. So, there would always be an odd number of orange
\l.mit tiles left, since an even number plus ore is always an odd number.

g
__| I'tested my conjecture with the perfect squares 7 X 7 and 8 X 8.

\_The difference was an odd number.
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EXAMPLE 3 Using inductive reasoning to develop a conjecture about perfect squares

Make a conjecture about the difference between consecutive perfect squares.
Francesca’s Solution: Describing the difference numerically

=
22 = Iz - fimde | started with the smallest possible perfect square and the next
22-1"=3 | greater perfect square: 12 and 22. The difference was 3.

-
42 -3=7 Then | used the perfect squares 32 and 42. The difference was 7. So,
92 — g2 = 17 \l decided to try even greater squares.
My conjecture is that the difference ,‘i thought about what all three differences—3, 7, and 17—had in
between consecutive perfect squares |_common. They were all prime numbers.
is always a prime number. pet
122 — 112 =123 e To test my conjecture, | tried the perfect squares 112 and 12,

\HThe difference was a prime number.

The example supports my conjecture.
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EXAMPLE 3 Using inductive reasoning to develop a conjecture about perfect squares

Make a conjecture about the difference between consecutive perfect squares.

Your Turn

How is it possible to have two different conjectures about the same
situation? Explain.

Answer

It is possible to have two different conjectures about the same
situation because different samples were used to develop

the conjecture. Francesca used different values for the sizes
of consecutive squares. When she examined her evidence,

the common feature from her examples was different from the
common feature that Steffan found from the evidence he had
developed.
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EXAMPLE 4 Using inductive reasoning to develop a conjecture about quadrilaterals

Make a conjecture about the shape that is created by joining the midpoints
of adjacent sides in any quadrilateral.

Marc's Solution: Using a protractor and ruler

| drew an irregular quadrilateral on tracing paper.

| used my ruler to determine the midpoints of each
side. | joined the midpoints of adjacent sides to
form a new quadrilateral. This quadrilateral looked
like a parallelogram.

Next, | drew a trapezoid with sides that were four
different lengths. | determined the midpoints of
the sides. When the midpoints were joined, the
new quadrilateral looked like a parallelogram.

9

| used my ruler to confirm that the opposite sides
were equal.
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My conjecture is that joining the adjacent midpoints | Each time | joined the midpoints, a parallelogram

was formed.

)

of any quadrilateral will create a parallelogram.

To check my conjecture one more time, | drew a
rectangle. | determined its midpoints and joined them.
This quadrilateral also locked like a parallelogram.

Y

| checked the measures of the angles in the new
guadrilateral. The opposite angles were equal.

The new quadrilateral was a parallelogram, just like
the others were.

dEr=

The rectangle example supports my conjecture.

10
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EXAMPLE 4 Using inductive reasoning to develop a conjecture about quadrilaterals

Make a conjecture about the shape that is created by joining the midpoints 3
of adjacent sides in any quadrilateral. N

Tracey’s Solution: Using dynamic geometry software

D H C __
HE = 2.4 cm
EF=24cm
FG = 24cm | constructed a square and the midpoints of the
GH = 24 cm sides. Then | joined the adjacent midpoints. EFGH
E = . .
ZEFG = 90r looked like a square. | checked its side lengths and
ZLFGH = 90 angle measures to confirm that it was a square.
£GHE = 908
ZHEF = 908
A F B
HE=16cm
EF =16cm
D H c FG=1l6cm Next, | constructed a rectangle and joined the
GH=16cm adjacent midpoints to create a new quadrilateral,
E 16 ZEFG = 143 --=+=--=-1 EFGH. The side lengths and angle measures of
A 3 B ZFGH =37 EFGH showed that EFGH was a rhombus but
ZGHE = 14% not a square.
ZHEF = 371°
My conjecture is that the quadrilateral formed : y B
by joining the adjacent midpoints of any - {SII‘ICE asquareis a rhoml?us with right angles, both
. . of my examples resulted in a rhombus.
quadrilateral is a rhombus.
HE =16ecm
EF=16cm
D " c FG =16 cm
GH =16cm To check my conjecture, | tried an isosceles trapezoid.
m JEFG = 157° {The new quadrilateral, EFGH, was a rhombus.
A F B /FGH = 28
ZGHE = 152°
ZHEF = 28

The isosceles trapezoid example supports my conjecture.

11
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EXAMPLE 4 Using inductive reasoning to develop a conjecture about quadrilaterals

Make a conjecture abourt the shape thar is created by joining the midpoints
of adjacent sides in any quadrilateral.

Your Turn
a)  Why did the students draw different conjectures?

b) Do you think that both conjectures are valid? Explain.

Answers

a) The quadrilaterals that Marc and Tracey used were
different. The quadrilaterals that Marc used were more
varied than those that Tracey used.

b) Based on the evidence used, both conjectures seem valid.
The conjecture that Marc developed would hold true for
all of Tracey’s quadrilaterals, since a rhombus is a special
type of parallelogram. But Tracey’s conjecture would not
hold true for all of Marc’s quadrilaterals, since not all
parallelograms are rhombuses.

12
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In Summary

Key Idea
* |nductive reasoning involves looking at specific examples. By observing
patterns and identifying properties in these examples, you may be able
to make a general conclusion, which you can state as a conjecture,

Need to Know

* A conjecture is based on evidence you have gathered.
* More support for a conjecture strengthens the conjecture, but does not
prove it.

HW...

p.12: #1-3;#6 - 11; 13; 15; 16

April 05, 2017
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Foundations of Math 11…Chapter 1 Definitions/Key Ideas

Conjecture – A testable expression that is based on available evidence but is not yet proved.  

· More support for a conjecture strengthens the conjecture, but does not prove it.

· Some conjectures initially seem to be valid, but are shown not to be valid after more evidence is gathered.

· There is evidence either to support or deny a conjecture reached through inductive reasoning.

· A conjecture may be revised, based on new evidence.

Inductive Reasoning – Drawing a general conclusion by observing patterns and identifying properties in   specific examples.

· Inductive reasoning involves solving a simpler problem, observing patterns, and drawing a logical conclusion from your observations to solve the original problem.

· Inductive reasoning is useful when analyzing games and puzzles that require recognizing patterns or creating a particular order.

Counterexample – An example that invalidates (disproves) a conjecture.

· A single counterexample is enough to disprove a conjecture.

· Even if you cannot find a counterexample, you cannot be certain that there is not one.  Any supporting evidence you develop while searching for a counterexample, however, does increase the likelihood that the conjecture is true.

Proof – A mathematical argument showing that a statement is valid in all cases, or that no counterexample exists.

· A conjecture has been proved only when it has been shown to be true for every possible case or example.  This is accomplished by creating a proof that involves general cases.

· A demonstration using an example is not a proof.

Generalization – A principle, statement, or idea that has general application.

Deductive Reasoning – Drawing a specific conclusion through logical reasoning by starting with general assumptions that are known to be valid.

· When you apply the principles of deductive reasoning correctly, you can be sure that the conclusion you draw is valid.

· The transitive property is often useful in deductive reasoning.  It can be stated as follows:  Things that are equal to the same thing are equal to each other.  If a = b and b = c, then a = c.

· Deductive reasoning involves using known facts or assumptions to develop an argument, which is then used to draw a logical conclusion and solve the problem.

· Deductive reasoning is useful when analyzing games and puzzles that require inquiry and discovery to complete.

Invalid Proof – A proof that contains an error in reasoning or that contains invalid assumptions.

· Division by 0 always creates an error in a proof, leading to an invalid conclusion.

Premise – A statement assumed to be true.

[bookmark: _GoBack]Circular Reasoning – An argument that is incorrect because it makes use of the conclusion to be proved.
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