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(Rues b onS

Key Idea

* Deductive reasoning involves starting with general assumptions that are EWORK...
known to be true and, through logical reasoning, arriving at a specific
conclusion. p. 31: #1, 2

#4.5
Need to Know

* A conjecture has been proved only when it has been shown to be true 8@
for every possible case or example. This is accomplished by creating a #1 O’
proof that involves general cases. 17

* When you apply the principles of deductive reasoning correctly, you can
be sure that the conclusion you draw is valid.

* The transitive property is often useful in deductive reasoning. It can be
stated as follows: Things that are equal to the same thing are equal to
each other. fa=6band b =¢ thena = c.

* A demonstration using an example is not a proof.
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7. Drew created this step-by-step number trick:

¢ Choose any number. b x
*  Muldply by 4. ) _{_{/”j
« Add 10.

¢ Divide by 2. Z2-

X 4
*  Subtract 5. 2 3 %

¢ Divide by 2. ¥
. Add3. X+ >
a) Show inductively, using three examples, that tThe result is always \

3 more than the chosen number.

b) Prove deductively that the result is always 3 more than the chosen /‘\ \ ‘,)\ (\

number.

Loy N 15

X

6\( An=—-3 s An=—3 i; 3
a.. /I Ans.-2 =2 An=-Z -

G+ @D

,(l l Ans+3 - Ans+3 =
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11. Cleo noticed that whenever she determined the difference between
nween the

the squares of consecutive even numbers or the differenc

squares of consecutive odd IlUI‘I]bCI’S., [llﬁ‘ I'ESU[( ‘was

2 2
X - fez)
SE-gE 7

- =T g

1B7E—1@5E
p = 474 7
X//% fx -
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number and determine if the sum is divisible by 9. If it is, then the

number is divisible by 9. Prove that the divisibility rule for 9 works for
all@md three-digit numbers.

(06 + b wm [00a + (2L + C

'+@ *7 9% rat
[

29 A sy

—
15. To determine if a number is divisible by 9, add all the digits of the ?% S
w b C
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WARM-UP...

November 03, 2017

1. Grab a calculator. (you won't be able to do this one in your head)

2. Key in the first three digits of your phone number (NOT the area code)
3. Multiply by 80

4.Add 1

5. Multiply by 250

6. Add the last 4 digits of your phone number

7. Add the last 4 digits of your phone number again.
8. Subtract 250

9. Divide number by 2

Do you recognize the answer?

WHY??? Prove by deduction...
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Proofs That Are Not Vali

NOTE: Watch for...

- sentences that use the word all
- division of zero

@ REMEMBER: Ask yourself does it make sense?
Identify errors in proofs. ~——

Logical Errors |

Although deductive reasoning seems rather simple, it can go wrong in more than one way.
Deductive reasoning based on incorrect premises leads to faulty conclusions. Similarly, a single
error in reasoning will result in an invalid or unsupported conclusion, destroying a deductive proof.

Everyday situations are filled with examples of incorrect deductive reasoning, or logical errors.
Common logical errors include:
« Afalse assumption or generalizing

« An error in reasoning, like division by zero
« An error in calculation
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Your Turn E(fe Va ;ornr?umcatlon '.Tlpt

: ] I - 2 ereotypes are generalizations
Zack is a high school stude @ igh school students dislike cooking. based g,? culturg gender,
Theretore, Zack dislikes cooking, Where is the error in the reasoning? religion, or race. There are

always counterexamples to
Answer stereotypes, so0 conclusions
based on stereotypes are

not valid.
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EXAMPLE #1...

A fallacy is an incorrect conclusion arrived at by apparently correct, though flawed, reasoning.
Such misleading or deceptive reasoning is called specious reasoning.

The most commaon example of a mathematical fallacy is the following specious proof that 1 = 2.

ilitesabb%@ ((3/ /X
Eite “Co

(@+b
b=2b" _
1=2

Solution...

The error that makes this "proof” incorrect occurs in the following step, where each side is divided
by (a-b). Since a = b inthis "proof" then a-b = 0, and dividing by zero is not permitted in algebra.

b(a-b) = (a+h)(a-h)
b=2b
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EXAMPLE 2 Using reasoning to determine the validity 7
of a proof

Bev claims he can prove that 3 = 4. * a
(/7

37}5 Proof <
ippose that: 2 + b = ¢

nl(
Wﬁwhmtumnr can be written as: @& 4@@2 4¢ — 3¢ e {f
\)zcr reorganizing, it becomes: dg + 4b — 4e = % . 0
A:ng the distributive property, 4@+ b —eP= 3G by d
Dividing both sides by (& + & — ¢), 4 =23

Show that Bev has written an ‘invalid proof .

invalid proof

A proof that contains an error
in reasoning or that contains
invalid assumptions.

Pru's Solution

SUPPUSC that:
a+ b=r¢ v
S

---1 Bew's premise was made premise
at the beginning of the proof. A statement assumed to be trug

Since variables can be used to
represent any numbers, this part
\f’f the proof is valid.

dg — 3a + 4b — 3b = 4c — 3¢ v
/—Beu substituted 4a — 3a for a

since 4a — 3a = a.

Bev substituted 46 — 3b for b

sinced4b — 3b = b.

Bev substituted 4¢ — 3¢ for ¢

\\Since dc— 3c=rc.

dag + 4b — de =32+ 36— 3c vV

FI recrganized the equation

and | came up with the same
result that Bev did when he
reorganized. Simplifying would
take me back to the premise.
This part of the proof is valid.

h- =

dlat+b—c=3a+b— 2o .r("_

---1 Since each side of the equation
has the same coefficient for all
the terms, factoring both sides
\Jsa valid step.

— = P

datb-4 = 3at b= This step appears to be valid,
(@a+6-0 (@+b-d but when | looked at the divisor,
\_I identified the flaw.

a+ b= p
atb—c=c—c¢ When | rearranged the premise,
a+ b—c=0 | determined that the divisor

equalled zero.
. l\-\_ q
Dividing both sides of the equation
by 2 + & — ¢ is not valid. Division

by zero is undefined.
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EXAMPLE 3 Using reasoning to determine the validity

of a proof

Liz claims she has proved that =5 = 5.
Liz’s Proof
that =5 = 3.

squared both sides: (—5)2 = 52

I got a true statement: 25 = 25

ccr3’

This means that my assumption, —5 = 5, must be correct.

Where is the error in Liz’s proof?

Simon’s Solution

I assumed that —5 = 5.

Then I squared both sides: (—5)2 = 52

I got a true statement: 25 = 25

—5+5

If an assumption is not true,
then any argument that was built
on the assumption is not valid.

FLiz started off with the false
assumption that the two
.Lhnuml:rers were equal.

rEuery'thing that comes after the
false assumption doesn’t matter
because the reasoning is built on
the false assumption.

Even though 25 = 25, the

\‘underlying premise is not true.

& - )
Liz's conclusion is built on a false
assumption, and the conclusion
she reaches is the same as her

.\assumption.

Circular reasoning has
resulted from these steps.
Starting with an error and then
ending by saying that the error
has been proved is arguing in a
circle.

November 03, 2017

57

circular reasoning

An argument that is incorrect
because it makes use of the
conclusion to be proved.

10
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Your Turn

How is an error in a premise like a counterexample?

Answer

An error in a premise 1s like a counterexample because
a single error invalidates the argument, just as a single

counterexample makes a conjecture invalid.

November 03, 2017

11
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EXAMPLE 4 Using reasoning to determine the validity of a proof

Hossai is trying to prove the following number wrick:
Choose any number. Add 3. Double it. Add 4. Divide by 2. Take away the

number you started with.

Each time Hossai tries the trick, she ends up with 5. Her proof, however,

col

dﬂlfb.‘i not givc [hﬁ' same l'f_'SLlIt. (/ M ( é\ J,-)- 0 f\

Hossai’s Proof

7 Choose any number.
n+ 3 Add 3.

2n+ 6 Double it.

2n+ 10 Add 4.

3 3 Divide by 2.
+ 5 Take away the number you started with.

Where is the error in Hossai's proof?

Sheri’s Solution

A | tried the number trick twice, for the number 1 and the
10 —— 5 number 10. Both times, | ended up with 5. The math trick worked
for Hossai and for me, so the error must be in Hossai's proof.
" v pEPEE -{The variable n can represent any number. This step is valid.
n+ 3 v emeens [Adding 3 to n is correctly represented.
P i e "’Doubling a quantity is multiplying by 2. This step is valid. Its
Gimplificaticn is correct as well,
24 + 10 v R s 'fAdding 4 to the expression is correctly represented, and the
Gimplification is correct.
2n + 5 X == (Fhelentire expression should be divided by 2, not just the
constant. This step is where the mistake occurred.
I corrected the mistake: =
2n + 10
T =n+5
w5 —n= |l completed Hossai's proof by subtracting n. | showed that the
' answer will be 5 for any number.

12
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EXAMPLE 5 Using reasoning to determine the validity of a proof

Jean says she can prove that $1 = 1¢.

Jeaw’s Proof /)) . SLQ
n be converted to 100¢,
)0 can be expressed as (10)2.

10 gents is one-tenth of a dollar.
0.2 <001 )
One hundredth of a dollar is one cent, so §1 = 1¢.

How can Jean’s friend Grant show the error in her reasoning?

Grant's Solution

$1 can be converted to 100¢. ¢ Ert is true that 100 cents is the same as $1.
100 can be expressed as (10)2. ¢ = e (I‘t is true that (10)2 is 10 - 10, which is 100.
10 cents is one-tenth of a dollar. ¢/ Tt 'Gt is true that 10 dimes make up a dollar.
(0.1)2 = 0.01 V s Avrithmetically, | could see that this step was
A dollar is equivalent to (10)($0.10) or 10(10¢), IR (anicring the units. It
doesn't make sense to square a dime. The
not to (10¢)(10¢) or ($0.10)($0.10). units ¢2 and $2 have no meaning.
$1# 1¢

13
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HOMEWORK...

Key Idea

* Asingle error in reasoning will break down the logical argument of a .
deductive proof. This will result in an invalid conclusion, or a conclusion p 42 #1 1 0
that is not supported by the proof. (Omlt #8)

Need to Know

» Division by zero always creates an error in a proof, leading to an invalid
conclusion.

¢ Circular reasoning must be avoided. Be careful not to assume a result
that follows from what you are trying to prove.

* The reason you are writing a proof is so that others can read and
understand it. After you write a proof, have someone else who has not
seen your proof read it. If this person gets confused, your proof may
need to be clarified.
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